An important problem in the theory of Lagrangian submanifolds is to find nontrivial examples of Lagrangian submanifolds in complex Euclidean spaces with some given special geometric properties. In this article, we provide a new method to construct Lagrangian surfaces in the complex Euclidean plane C 2 by using Legendre curves in S 3 ð1Þ H C 2 . We also investigate intrinsic and extrinsic geometric properties of the Lagrangian surfaces in C 2 obtained by applying our construction method. As an application we provide some new families of Hamiltonian minimal Lagrangian surfaces in C 2 via our construction method.
Introduction
An immersion f : M n !M M n of an n-manifold M n into a Kaehler nmanifoldM M n is called a Lagrangian immersion if the complex structure J of M M n interchanges each tangent space of M n with its corresponding normal space. Lagrangian submanifolds appear naturally in the context of classical mechanics and mathematical physics. For instance, the systems of partial di¤erential equations of Hamilton-Jacobi type lead to the study of Lagrangian submanifolds and foliations in the cotangent bundle. Furthermore, Lagrangian submanifolds are part of a growing list of mathematically rich special geometries that occur naturally in string theory.
An important problem in the theory of Lagrangian submanifolds is to find non-trivial examples of Lagrangian submanifolds with some given special geometric properties. For instance, a method was given in [23] to construct an important family of special Lagrangian submanifolds in C n with large symmetric groups. Moreover, a method was introduced in [17] to construct Lagrangian submanifolds of constant sectional curvature by utilizing twisted products decompositions of real space forms. Furthermore, R. Aiyama introduced in [1, 2] a spinor-like representation formula which parameterizes immersions through 84 two complex functions F 1 , F 2 and a real one (the Lagrangian angle b). Aiyama's formula is very useful to construct many examples of Lagrangian surfaces in C 2 . For a Lagrangian submanifold in a Kaehler manifold with mean curvature vector H and shape operator A, the dual 1-form a H of JH is the well-known Maslov form (up to constants). A non-minimal Lagrangian submanifold is called Maslovian if its Maslov vector field JH is a principal direction of A H (see [12, 18] ). Maslovian Lagrangian surfaces of constant curvature in C 2 have been classified in [10, 11] .
A regular curve z : I ! S 3 ðrÞ H C 2 in the hypersphere S 3 ðrÞ of radius r centered at the origin of C 2 is called a Legendre curve if hz 0 ðtÞ; izðtÞi ¼ 0 holds identically.
In [7] , the author introduced the notion of complex extensors to construct a special family of Maslovian Lagrangian submanifolds in C n . Furthermore, he also established a method in [9] to construct flat Lagrangian submanifolds in C n by using special Legendre curves in S 2nÀ1 ð1Þ H C n . In particular, his result implies that, for any unit speed Legendre curve z : I ! S defines a flat Maslovian Lagrangian surface in C 2 . In this article, we extends the idea of [9] to provide a more general method than [9] to construct Lagrangian surfaces in C 2 by using Legendre curves in S 3 ð1Þ H C 2 . In this article, we also investigate extrinsic geometric properties of Lagrangian surfaces in C 2 obtained in such way. Moreover, we completely classify minimal Lagrangian surfaces as well as Lagrangian surfaces of constant curvature in C 2 which are obtained by applying our construction method. As an application we apply our construction method to provide some new families of Hamiltonian minimal Lagrangian surfaces in C 2 .
Preliminaries
Let f : M ! C 2 be an isometric immersion of a surface M into the complex Euclidean plane C 2 . We denote the Riemannian connections of M and C 2 by ' and' ', respectively; and by D the connection on the normal bundle of the surface.
The formulas of Gauss and Weingarten are given respectively bỹ
for tangent vector fields X and Y and normal vector field x. The second fundamental form h is related to the shape operator A x by
hhðX ; Y Þ; JZi ¼ hhðY ; ZÞ; JX i ¼ hhðZ; X Þ; JY i:
ð2:3Þ
The following lemma was obtained in [8] . We also need the following lemma.
Lemma 2.2. Let A, B be two vectors in C n and z, w be two complex numbers. Then we have hzA; wBi ¼ hz; wihA; Bi þ hiz; wihA; iBi; hzA; iwBi ¼ hz; wihA; iBi þ hz; iwihA; Bi; where hz; wi ¼ RealðzwÞ denotes the real part of the complex number zw, w the complex conjugate of w, and hA; Bi denotes the canonical inner product of the vectors A and B in the complex Euclidean n-plane C n .
Proof. Follows easily by straightforward computation. r 86 bang-yen chen
Interaction of Legendre curves and Lagrangian surfaces
For each w A C n we put jwj ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi hw; wi p . We also put C Ã ¼ C À f0g. Recall that a curve is called regular if its speed function is nowhere zero.
The following result provides a simple method to construct many examples of Lagrangian surfaces in C 2 by utilizing Legendre curves. 
ð3:4Þ
If zðtÞ is a Legendre curve in S 3 ðrÞ H C 2 , then (3.3) and (3.4) imply that the induced metric on U is given by (3.2 Proof. Under the hypothesis, we know from (3.2) of Theorem 3.1 that the induced metric on U via L fpz is the twisted product metric: 
ð4:4Þ
Thus, we obtain statement (1) by applying (4.2) and (4.4). From the third equation in (4.4), we know that L t ¼ qL=qt is an eigenvector of A JL t if and only if h f 0 ðsÞ; if ðsÞ À ipðtÞi ¼ 0 holds identically. Since the later condition holds if and only if the position vector of g pðtÞ ðsÞ ¼ f ðsÞ À pðtÞ is always tangent to the curve g pðtÞ for any fixed t. Therefore, for each t, g pðtÞ is a part of a line through the origin of C. Thus, there exists a unit vector field cðtÞ in C such that f ðsÞ À pðtÞ ¼ cðtÞs. This implies that c and p are constant. Thus, we get f ðsÞ ¼ cs þ p, Therefore, f ðsÞ is a part of a line through p. This gives statement (2) . construction of lagrangian surfaces in complex euclidean plane Let us put e 1 ¼ L s and e 2 ¼ L t =j f À pj. Then e 1 , e 2 are orthonormal vector fields according to (4.2) . Hence, by using (4.2), (4.4) and Lemma 2.1, we have
ð4:5Þ
where l is the curvature function of z in S 3 ð1Þ. Suppose that L : M 2 ! C 2 is a totally geodesic immersion. Then, statement (2) implies that p is constant and f ¼ cs þ p for some unit complex number c. Moreover, from (4.5), we also have (3) . r
Minimality
The Lagrangian surface M 0 in C 2 defined by
is an area-minimizing minimal Lagrangian surface invariant under the diagonal action of SOð2Þ which is known as the Lagrangian catenoid (see [21] ). It was proved in [4] that, up to dilations, the Lagrangian catenoid is the only minimal non-flat Lagrangian surface of revolution in C 2 . Moreover, it was shown in [5] that, up to dilations, the Lagrangian catenoid is the only minimal non-flat Lagrangian surface which is foliated by circles of C 2 . It is well-known that an orientable minimal surface in C 2 ¼ ðE 4 ; JÞ is a Lagrangian surface if and only if it is a holomorphic curve with respect to some other orthogonal almost complex structure on E 4 ([19] , also see [2] for a simple alternate proof of this fact). The holomorphic curve corresponding to the Lagrangian catenoid is ðw; 1=wÞ, w A C Ã .
Theorem 5.1. Let f : I 1 ! C Ã be a unit speed curve, z : ; Solving this equation gives y À xy
for some constant c. After solving this first order di¤erential equation, we have
for some real number b. Thus, we find
From (5.16) and (5.19), we discover that
Hence, we obtain from (5.14), (5.19) and (5.20 
þ bx
Thus, we have a 4 c 2 a 1. Consequently, we see from (5.18) that f ðsÞ À p ¼ xðsÞ þ iyðsÞ lies in the hyperbola:
By applying the following rotation: The converse can be verified by direct computation. r
Hamiltonian minimality
Oh [26] introduced the notion of Hamiltonian minimal surfaces as follows. A Lagrangian immersion L : M ! C 2 is said to be Hamiltonian minimal if it is a critical point of the area functional restricted to (compactly supported) Hamiltonian variations of L, i.e., variations with normal variational vector field x such that the dual 1-form a x of Jx on M is exact. 
where k is the curvature of f in C and l is the curvature of z in S 3 ð1Þ.
Proof. It follows from (4.2) and (4.5) that a H satisfies
In views of (4.2), we know that e 1 ¼ q=qs and e 2 ¼ j f À pj À1 q=qt form an orthonormal frame. So, the dual frame of fe 1 ; e 2 g is given by
From these we find
If Ã denotes the star operator on M, we obtain from (6.2) that
Therefore, by applying f 00 ðsÞ ¼ ikðsÞ f 0 ðsÞ and (6.3), we know that Maslov 1-form a H is co-closed if and only if (6.1) holds identically.
On the other hand, it is also known from [26] that a Lagrangian immersion L : M ! C 2 is Hamiltonian minimal if and only if its Maslov form is co-closed. Therefore, we obtain the lemma by combining these two results. r (
Since both k and f are independent of t, (6.8) implies that l 0 ðtÞ is a real number, say a. So, we obtain condition (i).
Because f ðsÞ is assumed to be of unit speed, we have
holds, then we obtain (6.6). Similarly, if we have
, then we obtain (6.7). Conversely, by applying Lemma 6.1, it is easy to verify that conditions (i) and (ii) imply the Hamiltonian minimality of the Lagrangian immersion L fz . r
The following theorem determines Hamiltonian minimal Lagrangian immersions defined by L fz such that f does not contained in a line through the origin. 
So, by applying the first equation in (6.12), we find
where
Hence, from (6.9) and the second equation in (6.12), we obtain kðsÞ ¼ G 2 À F 00 ðsÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 4F ðsÞ À F 02 ðsÞ p : ð6:13Þ By substituting (6.13) into (6.6) and (6.7), we obtain (6.11). Due to F 0 ¼ 2h f ; f 0 i and (6.9), the second equation in (6.12) can be expressed as for some complex number g. Now, by a direct computation we obtain j f 0 ðsÞj 2 ¼ jgj 2 . Because f ðsÞ is of unit speed, this implies that g is unitary. Hence, after applying a suitable rotation about the origin in C, we have g ¼ 1. Consequently, up to rotations of C about the origin, f ðsÞ is given by (6.10).
Conversely, assume that F ðsÞ is a positive solution of the di¤erential equation (6.11) and it satisfies 4F > F 02 . Let us define the curve f ðsÞ in C Ã by (6.10 For any real numbers a; c > 0, this Hamiltonian minimal Lagrangian surface is flat.
Remark 6.4. In general, the Hamiltonian stationary Lagrangian surfaces given in section 4 of [3] seems to be di¤erent from the examples given above, since our examples of Hamiltonian Lagrangian surfaces do not admit a circle symmetry in general. However, the Hamiltonian stationary Lagrangian surfaces f 0; a ð0 < a < 1Þ given in Remark 4 of [3] are congruent to the Lagrangian surfaces L fz b defined by (6.25) with b ¼ 1 (i.e., to those with z being a Legendre great circle in S 3 ð1Þ).
Remark 6.5. Hamiltonian stationary tori in C 2 are also studied and constructed by Hélein and Ramon in [22] which include the examples previously constructed by Castro and Urbano in [6] . Proof. Let f : I 1 ! C Ã be a unit speed curve with constant curvature k and z : I 2 ! S 3 ð1Þ H C 2 a unit speed Legendre curve in S 3 ð1Þ. Assume that the Lagrangian surface defined by L fz ðs; tÞ ¼ f ðsÞzðtÞ is Hamiltonian minimal.
If k ¼ 0, we have f ðsÞ ¼ c 1 s þ c 2 for some unitary complex number c 1 and complex number c 2 . Thus we obtain
Substituting this into (6.6) or (6.7) of Lemma 6.2 gives
which implies that a ¼ a ¼ 0. Hence, the Legendre curve z has constant curvature in S 3 ð1Þ and f ¼ re iks . So, f is an open portion of a circle centered at the origin.
The converse is easy to verify. r Remark 6.6. For the special case that z is a closed Legendre curve in S 3 ð1Þ H C 2 and L fz is a cone over z (i.e., f ðsÞ is contained in a line through the origin of C), Corollary 6.1 was obtained in [27, Theorem 7.1].
Intrinsic properties
The following result classifies Lagrangian surfaces of constant curvature in C 2 which are obtained from our construction method.
Theorem 7.1. Let f : I 1 ! C Ã be a unit speed curve in C Ã , p : I 2 ! C a curve in C which does not intersects the curve f , and z : I 2 ! S 3 ð1Þ H C 2 a unit speed Legendre curve. Then the Lagrangian surface L fpz : ðI 1 Â I 2 ; g fpz Þ ! C 2 is of constant curvature K if and only if, up to translations on s, one of the following eight cases occurs:
(a) K ¼ 0, p is a complex number, and f ðsÞ ¼ p þ re is=r , i.e., f is an open portion of circle of radius r centered at p; (b) K ¼ 0, p is a real-valued function and, up to rigid motions on C, f is given by f ðsÞ ¼ s; (c) K ¼ 0, p is a complex number and, up to rigid motions on C, f is given by f ðsÞ ¼ p þ ðr= ffiffiffiffiffiffiffiffiffiffiffiffi ffi 1 þ r 2 p Þs 1þi=r for some nonzero real number r;
=2c for some q A C and some real-valued function BðtÞ and, up to translations on s, f is given by f ðsÞ ¼ q þ e 2ics =2c; (e) K ¼ c 2 , c > 0, p ¼ c 0 À a with c 0 A C Ã and, up to translations on s, f ðsÞ is given by 100 bang-yen chen
where r is a real number and a is a positive number; (g) K ¼ Àc 2 , c > 0, p is a complex number and, up to translations on s,
where a and r are real numbers satisfying 0 < a 2 < 1=c 2 ; (h) K ¼ Àc 2 , c > 0, p is a complex number and, up to translations on s,
where r is a real number and a is a positive number.
Proof. Suppose that f : I 1 ! C Ã is a unit speed curve, pðtÞ is a complexvalued function defined on I 2 which does not intersect f , and z : I 2 ! S 3 ð1Þ H C 2 is a unit speed Legendre curve. Then the induced metric g fpz via L fpz is given by
Thus, the Gauss curvature K of L fpz satisfies Since the left-hand-side of (7.9) is independent of t, (7.9) implies that there exists a nonzero real number a such that
From these we obtain 1=k 2 ¼ as 2 þ c 1 s þ c 2 for some real numbers c 1 , c 2 . So, by applying a suitable translation on s, we have
for some real number b. From (7.8) and (7.10), we find B ¼ 0. Hence, (7.7) reduces to where q A C and BðtÞ is an arbitrary real-valued function. This gives Case (d) with non-constant B.
Case (2.b). k is non-constant. Solving (7.20) yields where p is a complex number, a is a nonzero real number and r is a real number. Consequently, we obtain Case (g). Since the right-hand-side of (7.60) depends only on s, (7.60) implies that hðtÞ is constant which is a real number. Thus, by applying (7.59) we know that A is also constant which is a positive number.
Let us denote h and A by r and a, respectively. Then, by using ( Remark 7.3. The local classification of Lagrangian surfaces of constant curvature in the complex Euclidean plane have been obtained [11] . And the local classification of Lagrangian surfaces of constant curvature in the complex projective plane or in the complex hyperbolic plane was established in a series of recent articles [12, 13, 14, 15, 16] .
